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1. Elemente de calcul matriceal si sisteme de ecuatii liniare
1.1 Matrice
a) Netiuni teoretice si exemple

Notiunea de matrice

Definitie. Numim matrice de tipul (2, #) cu elemente numere
complexe. o functie A: {1,2,,m} X {1, 2, w,n} - C.
Notam A(l,j) = a;;. L] € {1,2,-,m}x {12, n}sielese
numesc elementele matricet.
Notam M, , () mulfimea matricelor de linii $i » coloane cu
coeficienti in C.
Notam M ,, (C) multimea matricelor de 7 linii si » coloane cu
coeficienti in €.
- . . Qyp Qy2
Exemple. a) Pentrum = n = 2 aven A= ( )
Ay Ay
apy
b) Pentrum = 3,1 = 1 obfinem matricea coloand A= (azz).
- \am
o) Pentrum = 1,n = 2 oblinem matricea linie A = (411 Gyy).
fgalitatea matriceler
Definitie. Doui matrice 4,8 € M, » (C) sunt egale daca are loc
egalitatea a; = by, (¥)i € {1,2,---,m}si (V)] € {1, 2,0, 1}
1 ;\‘) . e 1
siB= ( , ) sunt egale
x+1 3/° 2 3 L
daci l=xx=1,x+1=23=3&wx=1

Exemplu. Matricele A = (

Operatii cu matrice
1) Adunarea matricelor

Definitie. Fiind date 4, B € M, ,(€) , numim suma matricelor
4 si B. matricea  ale cirei elemente sunt date de egalitatile ¢; =
= a,i!; + bii" (V)i & {I, 2, = ,'m} Sl (V)j &« {1, 2_, e, n},

Proprietiti ale adunirii matricelor
a) Comutativitatea- A+ B =B+ A (MA, B € M, ,(C).
b) Asociativitatea: (A+B) +C = A+ (B+C) () 4,B,C M, ,(C).
¢) Elementul neutru - este matricea nuld 0,,, deoarece:
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A+Cpn = Oy A=A, (¥) A M, (0.
d) ~ Element mvers — (V) A€ M, ,(©),(3)4 = -4 astfel incat
A+ A=A+ A=0,,. Matricea A  se numeste opusa matricei 4.
2) inmnlgima cu scalari a matricelor

Definitie. Flind data matricea 4 € M,,,,(C) i @ € C numim
produsul dintre numdrul « si matricea 4. matricea 5. ale carei
elemente sunt date de egalitdfile by = a- a; (V)i €{1,2,-,m} si
(vyje{1,2,-, nk

Exemple. a) Daca 4 = (; 2) atunci 6-A =6+ (}2 3)
::(“6-1 6-2)___(6 ’12‘“)
6-2 63 12 18/
Proprietiti ale inmultirvii cu scalari
a) 1 A=A MW AeM,,(C).
by a- (B4) = (¢ff)A, (Ma,peC, 4€M,,(C).
Q@+ A=ad+pA, (WMa,BeC Ade M, » (C).
) alA+B)=ad+aB,(V)aeC, ABe¢c M, (O).

3) Inmultirea matvicelor
Definitie. Fiind date 4,8 € M,, , (C). numim produsul matricelor
A s1 B, matricea C ale cirei elemente sunt date de

Cyp = Z ay by (Mie{l, 2, m}si(Wke 1,2, n}k

j=1
Exemplu. 4 = ) ( i\,alunu A-B =
=(3 96 ;3;)" e @7y

Proprietiti ale inmultirii matricelor
a) Asociativitatea: (A-B)-C = A-(B-C) (V) A,B,C € M,, ,,(C).
b) Elementul neutru in M, (C) este matricea unitate [, deoa-
1 0 0
. _ 0 1 0
rece:Ad-1, =1, A=A (V) Ae M,(C),unde |, =

¢ 0 1
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¢)- Distribvavitatea 1@ slanga a inmuliirii fata de adunarea
matricelor: (V) A € My, (O 5i B, € M, (C) atunci are loc
egalitatea: A - (B +C)y=A-B+A-C.
Transpusa unei matrice
Definitie. Fiind data matricea A= (a,—;) € M,, ,(C), numim
transpusa matricei A, matricea notata tA = (by) € M, »(C), unde

b.ﬂ = dy, (V)k = {1, 2;"'!“’.} (S'l (V)f = {11 2;"‘-??1}'

Exemplu. Fiind datd A = (1 2

4 5 6
1 4
este matricea ‘A=1{2 5

3 6
Proprietiti ale operatiei de transpunere

a) (V)4 € M, ,(C), avenu t( A) = A

by (V)4 € M, ,(C) si (W)a € C, avem. ‘a-A) =a- A

&) (WA, B € My, ,,(O) avem “(A+B) = ‘A+ 'B.

d) (MAEM,,(C) si (VBE M,,(C), are loc relatia:
t(A-B)= ‘B*A

), atunci transpusa matricet 4

b) Probleme rezolvate
1. Fie matricele: 4 = (1 #2) si B o= (3 1). Caleulat:

3 7 2 5
A+ B; A— 28, B-A

souien 423=( )G D=01] 74)-

/

= o=l D=2=2G 9=( 25"
m(4 10):"4_25:(3 7)”(; 10):"':(_1 -3)'

3 1\l =2\ (3'1+1:3 3:(=2)+1:7
B % o 5)(3 7)=(2-1+5-3 2-(~«2)+5-7)=
=57 2

17 31/

2. Se considera matricele:



A= D dsl D= P

Caleulatr:

a) A+B+C by A+B-C d) ABC.
i _(1+3-1 -241-3\_
Solutie a) A+8+C-(3+2+10 7+5+9)_

:(5'3 ;}) 1+341 24143 2
1434 - + 3 5
b) A+B—C = (3+2-1” 7-:—5,_9)2(_5 «})

oa8=(; 25 1)= | |
,,,,,, (L3 C2 LT D5 )

33472 3:3+7.5 /23 38 g
ABC= (AB)C:(ZS,' 38) (10 9\‘):"'_(337 )73)
3. Fie matricele: A-@ i) 918“@ ;)_Calculag'i:
a) AB + BA b) AB — BA.

Solutie. AR = (" 2); ;):---w(fl i)si
A= ] ﬁ(ési) = 0) -
9 AB+ B4 = (‘.3 il)+(8 12)3(%9 2{3)
b) A~ B/l_(ll 1) (8 2) (‘; :z)

1
4. Fie matricele: 4 = @ ;l) st B = (1 ) Calculat:

ay A- by B2 b
Solutie a) A> = 44 = G _%l (1 "1) = ( 81 _;;)
VB =58 =(; 2)(] fl) = =g o

5. Se considera maltricele

i=( 3.0 2

st funcfia f{x) = X2 +2X + 4l,. Caleulati:
ay f{4) b f(B) ¢) f(AB).
8



Solutie. “Avem 4L = A4'= ; D ; i) = (z z) ;

A L
aB=(, ,)(, —”1) =g 4 _
2 fA) = a2 +24+4L =3 )+ (i i)+(4 =

N 6 6 0 4
=(10 £4)'

b) f(B) = B + 2B + 41, :(g g)+(_22 _22)+ g 2):
- (-62 é)
¢) f(AB) = f((g g)) =0 3)2 v2-(0 N+an=( )
6. Determinid matricea X astfel incét sa aibd loc egalitatea:
w5 2= o)
Solutie. 3X + : :4) (3 ;) 3;(:(3 %)m
(0 D=6 d=x=1G =G

i (1 2
X +2Y = 1
| 34

7. Rezolvati sistemul matriceal: < Y
X -2Y Z[ ]

5 7)

Solutie.  Folosim metoda reducerii. Adunind membru cu
membru cele doud ecuatii objinem: (X +2Y) + (X = 2Y) =

5
1 -
/1 2,/ 3 (2 5 _ 2
=(3 P+(5 7hswar=(g 11)=’X_(4 ﬂ)'
2
ScazAnd membru cu membru cele doud ecuatii obtinem:
e --2n=0>1 - =
3 4 5 7
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| 0 =m
@4&’:(_{}2 :;):ﬂ’x 4

8. Determind x. y = R astfel incét sa aiba loc egalitatea:
x4l y42 N2

\

, \

: 2 '
{2x—-1 3y- I/_f Wy 2y '
Solutie. Folosind egalitatea matricelor oblinem simultan
x+1=2,y+2=32x—1=x3y—-1=2y=

ma=liy=1a= };y:l:bx:l;yzif

9, Deternmuna mairicea (a 2) a, b € R, astfel Incdt si aibi loc
C
: 1 INsa b a byve1l 1
egalitatea; ( ) ( ( )
sed —1 1/ .d) ¢ 2 (-1, 1
Selutie. Dupd inmul{irea matricelor objinem egali
(a.+c b+d)m(a~—b a'+b>=>a+cma—b‘
—a+c¢ —h+d ¢c—d c+d ‘ ’
b+d=a+b, —a+c=c—d;, -b+d=c+d =« =
m»h=—csta=d Dacanotima=d=xsih=~c=y=
. . X ¥
=a=xb=1y,¢=—y d=xsi mairicea este: (_V x) xy €R
10, Se considerd matricele A, B asifel fncat
/ § l\‘ s

/ \ 72 ..«,.]\\
A=B= = si2A+B= T

11y b2y
Calculeazd produsul 4°A.

2 Lot : : : 10y .
Sclutie. Serezolvi sistemul 51 se obtine solufia; 4 = ( ) sl

B = (_0} 0]) Atunci: 4B = ({1} i}) (_01 _01) _ (_{31 _()1)'
. Determinafi puterea # a matricel A = (1 8)

0 0) - (b g) =4

Solutie. Avem: A2 =A-A = (
Demonstrim prin inductie matematicd ca A" = ((1) 8)
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Presupunem ci A= ({1} 8) st demonstrim ca A* ! = ((1) 2)
Intr-adevir 4% = A"A = ({1} g) ((1) 8) - (é g)

12, Determinai puterea n a matricei 4 = (1 1)
Solutie. Avem: A2 =A A= (1 2) (1 1) = (1 1) = A

0 07N\ O 0 0
Demonstram prin inductie matematicd cd A" = (é é)

L. o i AN 1 1 PR DI URR- KA 1
Presupunem ca 4" = (O 0)1;; cl;monsil;m ci A E = (O O)'
T i Lxe AN oanoa i 1 iy i
Intr-adevdar A7 = AMA = (0 0) <O (.)) = (0 0).

’ o o 1 1
13. Determunali puterea »n a matrcel A= ( 1 1)-

. ) T S g~ 1 1 1y
»}geh:}%ie_ Avem A* = A-A = (_1 wl) (__1 —~1) ‘“0 "

e g stematica ¢ A% = x
0 0). Demonstram prin induciie matematicd ¢d 4 (0 0)

Presupunem ¢ A™ = (g

Intr-adevar A**1 = A4 = (g g) (_11 ._1;) - (g g)

0y . N
O) si demonstram ca A™*! =

14, Determiunaji puterea # a matricel A = (2 S)A

=05 )

il

0
Solutie. Avem:; 42 =A A= (2 O) (2 2

0 3/\0
Demonstram prin inductie matematicd ci A" = (25 ;}n)
Presupunem ¢ A" = (2071 30) s1 demonstram ca:
4rth = (2’:1 3??‘”),
. n s n+1
Intr-adevar A"t = A"A = (2{} 3(1) (é g) = (27{} 3,?+.1>.

_ o o 1 1
15 Determinati puterea n a matricet 4 = ( 0 1).

Solutie. Avem: A> =A4-4 = (é i) (2} 1) : (g) ?)

11



| \ ) oo 1 n
Pemonstrdn prin inductie matematicd ¢ A" = ({} }),

v AT 1 #ny . oy
Presupunem ci A" = ( 1) st demonstram ca A" =

E= El [ E i) Intr-adevir A7%! = 474 = (; ?) (S D =
n
(1 n+y
0 1

16. Deternunafi puterea n a matricei A = (é jl)

Solutie, Avenm: A% =A-A = (é _11) ({1) _11) = (é 2) =
=l siA=A2 A=1-A=A

Demonsiram prin inducfie malematicd ca A% = [, 51 A2+ = A,
a) Presupunem cd A*" = [, si demonstram ci 420+ = [,
fntr-adeviir A20HD) = 42042 = g20 . 42 = [, [, = [,
b) Presupunem ci A"+ = A i demonstram ¢ A%+ = 4.
Intr-adevar A2 *3 = A1 A2 = 4. A2 = A [, = A.

1 0 0
17. Determinafi puterea # a matricei A = (O 1 O).
0 0 0

1 0 O0\/1 0 O
Solutie, Avem: A°=4-4 = (O 1 0) (0 1 O) =

0 0 0/\0 0 0O

1 0 0

i ({} 1 O) = A. Demonstram prin inductie matematici ci
0 0 0

A" = A Presupunem c& A" = A si vom demonsira ¢ ATt = 4.
intr-adevar A"*' = A" A=4-4=4A

10 71
18. Determinati puterea # a matricei A = (0 0 0).

1 0 1
1 .

Selutie. A =A4-A= (O

__ ' 2 0 2\ /1
A=44a=]0 0 ollo

\2 0 2/\1

oo o oD
==
\W
i



DD =2f yoat I Y
=10 ¢ 0 ) Demonstrimca A7 = 0 0 o |

22 0 2°
on 1 o 27 1
Presupunemci A" = 0 0 0 | sl vom demonstra ci
‘2n—1 0 Zn—l
200 2
At =10 0 0 ) Intr-adevar A"t = A" A =
\271 O 271‘

‘Z?I—L 0 2?2—1 1 0 1 gn oo 2%
= ( 0 0 0 ((} 6 0)j=-= (0 0 0 )
2:1-«--1 o opne 1 1 ¢ 1 PACHEN t A
. . 1 a
18. Fie matricea A, = (O 1) € M,(R).
Aratati ¢ A,y = Ay - 4 (Ve b € R

soae. avem: 44 =5 ) 1)=(5 “7")=

= Ags-
Lo o0y (011
19, Fie matricele: /=0 1 0. 4=1 0 1.
001, 11 0
Calculati A” i aratati cidi=A4-+20

0 1 1N/0 1 1 2 1 1
Salugie,AEz(1 0 1]{1 0 1l=t1 2 1>:
11 0/\1 10 1 1 2

0 1 1 2 0 0
=(3. 0 1)+({] 2 {}):A+2].
11 0 0 0 2
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¢}, Probleme, propuse spre rezolvare

1. Fie matricele 4 = (i 2) siB = (g é) Calcutali suma

A+ B g1 ardiati ¢a are valoarea:
Gd G G G @3

2. Fie matricele 4 = (é j) s1R = (__—i ii) Calculati suma

A+ B si aritati ¢d are valoarea;
GV Go Go G G

3. Fie matricele 4 = (é i) GiB = (; i) Caleulati 4 — B si

aratafi ci are valoarea:

G G2 G Go G

4. Fie matricele 4 = (é (1)) B = (2 2) si( = (_01 Mll)

Calculati suma A + B + € s1 aritafi ¢a are valoarea:
b2 Go Go GO G
5 Fie matricele A = (2 2), B = (3 3) s1C = (,i 1)

4 4 S I 3 3
Calculafi suma A + B — € ¢i ardtati ¢ are valoarea:

G G G G2 GI

6. Fie matricele A = (; ;) si B = ({1} 2) Calculati produsul

AB st aritati ca are valoarea:
Gd G G G G
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